Abstract. Let K be a number field, P the set of prime numbers, r an integer, Gal(K/K) the absolute Galois group of K, and {φ ℓ : Gal(K/K) → GL N (F ℓ )} ℓ∈P a strictly compatible system of mod ℓ Galois representations (Definition 1) arising frométale cohomology H r et (XK, Q ℓ ) of a complete, nonsingular K-variety X. This paper studies the ℓ-independence of the Galois images {Γ ℓ := φ ℓ (Gal(K/K))} for ℓ ≫ 0. The main theorem is if S ℓ is the connected F ℓ -algebraic group exponentially generated by order ℓ elements of Γ ℓ (Nori) and ℓ ≫ 0, then the following are true:
cohomology group H r et (XK, Q ℓ ) for each prime number ℓ. We therefore obtain a system of continuous, ℓ-adic Galois representations indexed by P,
which satisfies (Deligne [6] ) strict compatibility in the sense of Serre [22, Ch. 1] . There is a conjectural ℓ-independence [21] on the images of Φ ℓ which has been studied by many people. Suppose X is an elliptic curve over K without complex multiplication, Serre proved that the Galois action on the ℓ-adic Tate module T ℓ (X) is the whole GL(T ℓ (X)) for ℓ ≫ 0 by showing that the action on the ℓ-torsion points X[ℓ] ∼ = T ℓ (X)/ℓT ℓ (X)
is surjective for ℓ ≫ 0 [18] . This paper is motivated by the idea that the largeness of the image of the representation Φ ℓ in its Zariski closure can be studied via taking mod ℓ reduction. More precisely, since Gal(K/K) is compact and Φ ℓ is continuous, there is a Galois stable Z ℓ -lattice so that the image of Φ ℓ is contained in some GL N (Z ℓ ). Then by reduction GL(Z ℓ ) → GL(F ℓ ) and semi-simplication, we obtain a system of continuous, semisimple Galois representations φ ℓ : Gal(K/K) → GL N (F ℓ ) which is independent of the choice of the Z ℓ -lattice by Brauer-Nesbitt [4, Theorem 30.16] .
One may semisimplify the system {Φ ℓ } and define the algebraic monodromy group G Q ℓ at ℓ to be the Zariski closure of Φ ℓ (Gal(K/K)) in GL N,Q ℓ . Then G Q ℓ is reductive and one may also assume G Q ℓ is connected for all ℓ [19] by taking a finite extension of K. Denote the set of primes of K by Σ K . The strict compatibility of {Φ ℓ } ℓ∈P implies {φ ℓ } ℓ∈P is strictly compatible in the following sense. Definition 1. A system of mod ℓ Galois representations φ ℓ : Gal(K/K) → GL N (F ℓ ) indexed by P is said to be strictly compatible if each φ ℓ is continuous, semisimple, and (i) there is a finite subset M ⊂ Σ K such that φ ℓ is unramified outside M ℓ := M ∪ {v ∈ Σ K : v|ℓ} for all ℓ, (ii) for any ℓ 1 , ℓ 2 ∈ P and any w ∈ ΣK extending any v ∈ Σ K − M ℓ 1 ∪ M ℓ 2 , the characteristic polynomials of φ ℓ 1 (Frob w ) and φ ℓ 2 (Frob w ) are the reductions mod ℓ 1 and mod ℓ 2 of some polynomial P v (x) ∈ Q[X] that depends only on v.
Let {φ ℓ } be a strictly compatible system (Definition 1) of mod ℓ representations arising frométale cohomology, this paper studies the ℓ-independence of the Galois images {Γ ℓ := φ ℓ (Gal(K/K))} when ℓ is sufficiently large. Let g be a simple Lie algebra. We define "the g-type ℓ-rank" and "the total ℓ-rank" for arbitrary finite group Γ in §3.3 that measure the number of g-type simple factors of characteristic ℓ and the total number of Lie type simple factors of characteristic ℓ in the set of composition factors of Γ in certain sense. The main theorem of this paper is as follows. Theorem 1.0.1. (Main Theorem) Let K be a number field and {φ ℓ : Gal(K/K) → GL N (F ℓ )} ℓ∈P a strictly compatible system of mod ℓ Galois representations (Definition 1) arising froḿ etale cohomology H (i) S ℓ is semisimple, the formal character of S ℓ ֒→ GL N,F ℓ is independent of ℓ and is equal to the formal character of the derived group of the algebraic monodromy group at ℓ, G der Q ℓ ֒→ GL N,Q ℓ . (ii) There exist a fixed integer k and a normal subgroup γ ℓ ⊂ Γ ℓ of index at most k such that the composition factors of γ ℓ and S ℓ (F ℓ ) are identical modulo cyclic groups. Therefore, the composition factors of γ ℓ are finite simple groups of Lie type of characteristic ℓ and cyclic groups. (iii) The total ℓ-rank (Definition 4) of Γ ℓ is equal to the rank of S ℓ and is independent of ℓ. (iv) The A n -type ℓ-rank (Definition 4) for n ∈ {6, 9, 10, 11, ...} and the parity of A 4 -type ℓ-rank of Γ ℓ are independent of ℓ.
The strategy is to first construct for each ℓ ≫ 0 a connected F ℓ -reductive subgroup G ℓ ⊂ GL N,F ℓ with uniformly bounded formal character such that [Γ ℓ : Γ ℓ ∩ G ℓ (F ℓ )] and [G ℓ (F ℓ ) : Γ ℓ ∩ G ℓ (F ℓ )] are both uniformly bounded (Theorem 2.0.2). The construction of G ℓ is due to Serre [20] where he considered the Galois action on the ℓ-torsion points of abelian varieties A without complex multiplication. The semisimple part S ℓ of G ℓ is done by Nori's theory [17] and the central part of G ℓ is done by inertia tori [20] . In Serre's case [20] , the central part of G ℓ is related to the endomorphism ring of the abelian variety A. So boundedness of the formal character of G ℓ ֒→ GL N,F ℓ is guaranteed by the global object End(A) and the abelian theory [22] . The new input that enables us to obtain boundedness of formal characters is Serre's tame inertia conjecture proved by Caruso [2] . Once these nice algebraic envelopes G ℓ of Γ ℓ (Defintion 2) are ready, we can use the techniques in [11] to prove that the formal character of the semisimple part S ℓ ֒→ GL N,F ℓ and the number A n factors of S ℓ for large n are independent of ℓ if ℓ ≫ 0. Since the F ℓ -rational points of G ℓ is comparable to the Galois image Γ ℓ , one deduces certain ℓ-independence results on the number of Lie type composition factors of characteristic ℓ of Γ ℓ if ℓ ≫ 0.
Remark. The ℓ-independence results of this paper allows us to prove in [12] that Φ ℓ (Gal(K/K)), the image of Galois arising frométale cohomology groups has certain maximality inside the algebraic monodromy group G Q ℓ at ℓ if ℓ ≫ 0 and G Q ℓ is of type A.
Algebraic envelope
, ℓ ∈ P be a compatible system (Definition 1) of mod ℓ Galois representations that arises frométale cohomology. Denote the image of the representation φ ℓ by Γ ℓ and the ambient space by V ℓ ∼ = F N ℓ for each ℓ. Each Γ ℓ is a subgroup of some GL N for a fixed N. In the course of this paper, we will often take a finite normal extension L of K. This does no harm to our compatible system because [φ ℓ (Gal(K/K)) : φ ℓ (Gal(K/L))] is bounded uniformly and the restriction of φ ℓ to Gal(K/L) is again semisimple [4, Theorem 49.2] . The main theorem of this section states that when ℓ ≫ 0, Γ ℓ can be approximated by some reductive subgroup G ℓ of GL N,F ℓ with bounded formal character.
Theorem 2.0.2. There exist a finite normal extension L of K, and a connected, F ℓ -reductive subgroup G ℓ of GL N,F ℓ for each ℓ ≫ 0 such that is one of those characters, then |m i | ≤ C for some C independent of ℓ.
Definition 2. A system of reductive groups {G ℓ } ℓ≫0 satisfying the conditions in the above theorem is called a system of algebraic envelopes of {Γ ℓ } ℓ≫0 . We say G ℓ is the algebraic envelope of Γ ℓ when a system of algebraic envelopes is given.
2.1. Nori's theory. The material in this subsection is due to Nori [17] . Given a subgroup Γ of GL N (F ℓ ). Nori's theory gives us a connected algebraic group S ℓ that captures all the order ℓ elements of Γ if ℓ is bigger than a constant that only depends on N.
The normal subgroup of Γ generated by X is denoted by Γ + . Denote by S the (connected) algebraic subgroup of GL N , defined over F ℓ , generated by the one-parameter subgroups
for all x ∈ X. Algebraic subgroups with the above property are said to be exponentially generated. The theorem we need is stated below.
+ is a commutative group of order ≤ 2 N −1 .
We obtain a semisimple group S ℓ if we apply Nori's theory to Γ ℓ := φ ℓ (Gal(K/K)) if ℓ ≫ 0. If we take a finite extension L of K, and construct S ℓ using φ ℓ (Gal(K/L)), this does not change S ℓ for large ℓ because S ℓ is exponentially generated by elements of order ℓ. Proposition 2.1.2. There is a constant c 1 (N) that depends only on N such that if ℓ > c 1 (N), then the following are true. 
1.1) also acts semisimply onV ℓ . This implies S ℓ (F ℓ ) + cannot have normal ℓ-subgroup. If S ℓ has a non-trivial unipotent radical U ℓ , then U ℓ is defined over F ℓ [1, Prop. 16.6] and U ℓ (F ℓ ) is then a non-trivial normal ℓ-group of S ℓ (F ℓ ) + which is a contradiction. Therefore S ℓ is reductive. S ℓ is actually semisimple since it is generated by unipotent elements Γ + ℓ .
2.2.
Characters of the tame inertia group. Let ρ ℓ : Gal(K/K) −→ GL N (F ℓ ) be a continuous representation and I the inertia group of a prime v ∈ Σ K that divides ℓ. If we consider the semisimplication of the restriction of ρ ℓ to I, then the wild inertia group I w acts trivially because ρ ℓ (I w ) is an ℓ-group. This induces a representation of the tame inertia group I t ρ ℓ :
The tame inertia group I t is a projective limit of cyclic groups of order prime to ℓ [18, Prop. 2]
where the projective system is given by norm maps of finite fields of characteristic ℓ.
Denote the map I
is cyclic generated by θ d . Therefore, χ is uniquely expressed as a product of some powers of fundamental characters of level d
Definition 3. Let χ : I t → F ℓ * be a character of I t . When we represent χ as a product of fundamental characters of level d, the exponents of χ (subject to the product) are defined to be the set of powers {m 0 , m 1 , ..., m d−1 }. χ is said to be ℓ-restricted if 0 ≤ m i ≤ ℓ − 1 for all i but not all equal to ℓ − 1. When we talk about the exponents of a character χ without mentioning the product, we mean the exponents of χ as an ℓ-restricted character.
Lemma 2.2.1. Let V ∼ = F n ℓ be a continuous, irreducible subrepresentation ρ ℓ of I t , then the characters of the representation can be written as a product of fundamental characters of level n.
Proof. The image of I t in GL(V ) is a cyclic group of order prime to ℓ, therefore V is a F ℓ [x]/(f (x))-module where x corresponds to a generator of the cyclic image and the minimal polynomial f (x) is separable. Irreducibility of V implies f (x) is irreducible over F ℓ . Thus ρ ℓ (I t ) is contained in a maximal subfield F of End(V ) and ρ ℓ : I t → F * ⊂ GL(V ) can be written as a product of fundamental characters of level n as above. On the other hand, V has a structure of F -vector space of dimension 1 such that the action of ρ ℓ (I t ) ⊂ F is through field multiplication. By tensoring F with F (on the right) over F ℓ , we obtain an
where x, x ℓ , ..., x ℓ n−1 are just conjugate of x over F ℓ . If x ∈ ρ ℓ (I t ) ⊂ F * , then we see the action of I t on V ⊗ F ℓ F is a direct sum of products of fundamental characters of level n.
The characters of ρ ℓ :
, products of fundamental characters of level n ≤ N by Lemma 2.2.1. One would like to study the exponents m 0 , ..., m n−1 (Definition 3) and in the case ofétale cohomology we have the following theorem proved by Caruso [2] . Theorem 2.2.2. (Serre's tame inertia conjecture) Let X be a proper and smooth variety over a local field K (a finite extension of Q ℓ , ℓ is the residue characteristic of K) with semi-stable reduction over O K , the ring of integers of K and r an integer. The Galois group Gal(K/K) acts on H ∨ are between 0 and er where e is the ramification index of K/Q ℓ .
We are going to relate the mod ℓ reduction of theétale cohomology groups
On the other hand, the torsion subgroup of
The following theorem is the main result of this subsection.
be a mod ℓ Galois representation that arises frométale cohomology group H r et (XK, Q ℓ ) and ℓ is not divisible by the finite set of primes of K such that X has bad reduction. If we restrict φ ℓ to the inertia group I of a prime v|ℓ of K and semisimplify the representation, then every character χ of the representation can be written as 
Then we obtain a product of fundamental characters of level N!
for some s i belonging to [−er, 0].
2.3.
The tame inertia torus and its rigidity. The tame inertia tori are considered by Serre when he studied Galois action on ℓ-torsion points of abelian varieties without complex multiplication [20] . He observed that these tori have certain rigidity which will be explained in this subsection.
The order ℓ elements of Γ ℓ are contained in
Thm.] There are constants c 2 (N) and c 3 (N) such that if ℓ > c 2 (N), S ℓ ⊂ GL N,F ℓ is an exponentially generated semisimple algebraic group defined over F ℓ , and the action onV ℓ ∼ =F N ℓ is semisimple, andW ℓ is theF ℓ -subspace of
∈ S ℓ , then there is an element ofW ℓ that is not fixed by x. 
By using Theorem 2.2.4 and with exponents m i belonging to [−c 6 (N), 0] for all ℓ. Define E ℓ := F ℓ c 4 ! and ι, the endomorphism of any abelian group that sends x to x −1 . The composition of ρ ℓ with ι gives a homomorphism
by Weil restriction of scalars. Denote the image of Ω ℓ by I v . It is called a tame inertia torus. It has many nice properties.
is uniformly bounded by a constant c 7 (N). Proof. Assertion (i) is proved by linear algebra and the fact that the exponents of the characters of Ω ℓ in terms of the fundamental characters [9, §2] belong to [0, c 6 (N)]. For (ii), uniform boundedness of exponents of characters and dim(Res E ℓ /F ℓ (G m )) = c 4 (N)! (for all ℓ) imply the number of connected components of Ker(Ω ℓ ) is uniformly bounded by c 7 (N). On the other hand, the number of F ℓ -rational points of any
when ℓ is big. This proves (ii). 
Next, we prove Theorem 2.3.5. There exist constants c 8 (N), c 9 (N), and a finite field extension L/K such that if ℓ > c 8 (N), then the algebraic group I ℓ generated by the tame inertia tori I v for all v|ℓ is a torus and Γ [14, p.122] , the composite of these fields is still a finite field extension K ′ . By replacing this field extension, we may assume Γ ′ ℓ is abelian for big ℓ (because Nori's construction S ℓ is invariant for big ℓ). We can also prove that the inertia tori I v commute with each other by rigidity (Lemma 2.3.4) and thus they generate an F ℓ -torus I ℓ .
Since the representations φ ℓ come from cohomology and the set M in Definition 1 is finite, they are semi-stable which means there exists a finite extension K ′′ of K such that φ ℓ (I) is unipotent for any inertia subgroup I at any prime of K ′′ [5, §1] . Therefore, by extending K to K ′ · K ′′ we have for each ℓ > c 8 (N) an everywhere unramified abelian extension of
. By abelian class field theory, these fields generate a finite extension L of K. Since [L : K] is finite, the number of primes v of K above a fixed ℓ is uniformly bounded, and the inertia tori I v commute with each other, one can imitate the proof of Lemma 2.3.3 to find constants c 8 (N) and c 9 (N) and show (i) and (ii).
2.4. Construction of G ℓ . An F ℓ -torus I ℓ ⊂ GL W ℓ is constructed in §2.3 for ℓ ≫ 0 and we have the following map defined in Theorem 2.3.1
One has to show that I ℓ belongs to t ℓ (N ℓ ) so that t −1 ℓ (I ℓ ) is well-defined. It suffices to consider a single I v since they generate I ℓ . Lemma 2.4.1. Let H ℓ be an algebraic subgroup of GLV ℓ . If H ℓ is invariant on the subspacē
Proposition 2.4.2. The F ℓ -torus I ℓ in GL W ℓ is a subgroup of the image of
Proof. Let v|ℓ be a prime of K and I the inertia group at v. The restriction φ ℓ :
. Consider the following commutative diagram where r ℓ is the obvious map and i ℓ is a splitting. This is possible because E * ℓ defined in §2.3 is cyclic of order (ℓ c 4 ! − 1) prime to ℓ. 
Since r ℓ • α ℓ and β ℓ are both ℓ-restricted and equal to r ℓ • φ ℓ • i ℓ when restricting to E * ℓ , by uniqueness we have
is contained in N ℓ by Lemma 2.4.1. One also observes that the following morphism
. Therefore, I v and thus I ℓ belonging to the image of N ℓ in GL W ℓ .
Since N ℓ ։ N ℓ /S ℓ ֒→ GL W ℓ is an F ℓ -morphism and the numbers of connected components of N ℓ and N ℓ /S ℓ are the same, Proposition 2.4.2 implies t −1 ℓ (I ℓ ), the preimage of the F ℓ -torus I ℓ is a connected F ℓ -reductive group G ℓ which contains Γ ℓ . The exact sequence of F ℓ -algebraic groups
and the inequality
by Theorem 2.1.1 and 2.3.5 if ℓ is sufficiently large. Since the derived group of G ℓ is S ℓ , the action of G ℓ on the ambient space is semisimple if ℓ is large by Proposition 2.1.2. Therefore, we have proved Theorem 2.0.
(i) and (ii).
Let S ℓ → S ℓ be the simply connected cover of S ℓ . The representation S ℓ → S ℓ ֒→ GL N,F ℓ is semsimple and has a Z-form which belongs to a finite set of Z-representations of simply- 
into a sum of absolutely irreducible representations U i such that U i ≇ U j if i = j. If c centralizes S ℓ , then U i and c(U i ) are isomorphic representations of S ℓ for all i. Hence, c is invariant on ⊕ m i 1 U i for any i. Let n i be the dimension of U i . Denote the representation of S ℓ on U i under some coordinates by u i
In suitable coordinates, the representation of G ℓ on m i 1 U i is given by:
so that when restricting to S ℓ , we have
Since u i is a irreducible representation and q i (c) commutes with
where D jk is the subgroup of scalars of GL n i (F ℓ ). We see that the above group is isomorphic to GL m i (F ℓ ). Since q i (C ℓ ) is a torus and commutes with q i (S ℓ ), q i (C ℓ ) is contained in the following group D i :
up to some change of coordinates for any i. We conclude that C ℓ belongs to
for suitable coordinates. • also satisfy Theorem 2.3.5 (i). Since the center C ℓ and any maximal torus of S ℓ satisfy condition (i) of Theorem 2.3.5 and can be put into diagonal simultaneously, one checks easily that any maximal torus T ℓ of G ℓ satisfies condition (iii) of Theorem of 2.0.2. This finishes the proof of Theorem 2.0.2.
3. ℓ-independence of Γ ℓ 3.1. Formal character of G ℓ . A system of algebraic envelopes {G ℓ } ℓ≫0 of {Γ ℓ } ℓ≫0 are constructed in §2.4. The compatibility (Definition 1) of the system {φ ℓ } ℓ∈P implies that any maximal torus of G ℓ ⊂ GL N,F ℓ can be diagonalized overF ℓ such that the set of characters of G N m that defines T ℓ is independent of ℓ for large ℓ. Theorem 3.1.1. Let {G ℓ } ℓ≫0 be a system of algebraic envelopes of {Γ ℓ } ℓ≫0 (Definition 2). The formal character of G ℓ ֒→ GL N,F ℓ is independent of ℓ in the above sense if ℓ ≫ 0.
Proof. Let T ℓ be a F ℓ -maximal torus of G ℓ . It suffices to show by the remark following Theorem 2.0.2 that T ℓ can be diagonalized (T ℓ ⊂ G N m ) such that the set of characters of G N m that annihilate T ℓ is independent of ℓ for ℓ ≫ 0. The mod ℓ system {φ ℓ : Gal(K/K) → GL N (F ℓ )} comes from the ℓ-adic system {Φ ℓ : Gal(K/K) → GL N (Q ℓ )}. By semisimplification, we may assume each ℓ-adic representation is semisimple. There is a finite extension K conn of K such that the algebraic monodromy group G Q ℓ at ℓ (the Zariski closure of Φ ℓ (Gal(K/K conn )) in GL N,Q ℓ ) is connected for all ℓ (see [11] ). It is well known that these algebraic monodromy groups are reductive with the same rank r. We may assume K = K conn . Define
that maps a matrix to the coefficients of its characteristic polynomial. We know that Char(G Q ℓ ) is a Q-variety of dimension r that does not depend on ℓ by compatibility conditions. Denote this variety by P Q . There is a Z[
] of the projective space P
for some big integer M (we may assume
by taking closure) which extends P Q . Since φ ℓ is continuous, every element of Γ ℓ is the image of a Frobenius element. Therefore, Char(Γ ℓ ) is a subset of the F ℓ -rational points of the base change P F ℓ for large ℓ. dim(T ℓ ) points. By Theorem 2.0.2 (i), there is an integer n > 0 such that the n-th power of T ℓ (F ℓ ) is contained in Γ ℓ for ℓ ≫ 0. Hence, by diagonalizing T ℓ we see
Also, Char restricted to any maximal torus of GL N is finite morphism of degree N!. Therefore, there is a constant c > 0 such that
On the other hand, suppose there is an infinite subset L of prime numbers P such that dim(T ℓ ) is strictly less than r. By considering Theorem 2.0.2 (iii) and possibly taking an infinite subset of L, we may assume all those T ℓ (when diagonalized) are kernel of a fixed set S of characters. Let Y = {y ∈ G N m,C : s(y) = 1 ∀s ∈ S}, the dimension of Y is smaller than r. If w ∈ ΣK does not divide ℓ, then the characteristic polynomial of φ ℓ (Frob w ) is just the reduction mod ℓ of the characteristic polynomial of Φ ℓ (Frob w ) = P v (x) ∈ Q[X] in Definition 1. Hence, we can put the roots of P v (x) in some order α 1 , α 2 , ..., α N and find an infinite subset L ′ of L and obtain the congruence equation
for any character x
is an algebraic number and L ′ consists of infinitely many primes, we obtain equality
where Char here is the restriction to the diagonal matrices and S N is the group of permutations of N letters permuting the coordinates. Since {P v (x) : v ∈ Σ K } is Zariski dense in P Q of dimension r and Char is a finite morphism, the Zariski closure of Char
and the latter is of dimension smaller than r. Hence, the dimension of T ℓ is equal to r if ℓ is sufficiently large. By the same argument, one can prove that T ℓ (in some diagonalization) is the kernel of the set of characters of G N m that annihilate some irreducible component of Char
Let {G ℓ } ℓ≫0 be a system of algebraic envelopes of {Γ ℓ } ℓ≫0 . The formal character of G ℓ ֒→ GL N,F ℓ is equal to the formal character of the algebraic monodromy group
Proof. By the last sentence of the proof above, if ℓ is large, then T ℓ (in some diagonalization) and some irreducible component of Char 
Formal character of S ℓ . In this subsection, we prove that the formal character of S ℓ ֒→ GL N,F ℓ is independent of ℓ if ℓ ≫ 0. The strategy is similar to that used in the ℓ-adic situation [11, §3] .
Assume we have chosen the field K so large such that for any prime ℓ, Γ ′ ℓ := t ℓ (Γ ℓ ) corresponds to an abelian extension of K that is unramified at all primes except possibly those above ℓ. The details can be found from the proof of Theorem 2.3.5. Thus, we obtain
Let v be a prime of K that divides ℓ, K v the completion, U Kv the unit group, and k v the residue field. By local reciprocity [3, Ch. 6], we have
Since |Γ ′ ℓ | is prime to ℓ, we obtain α ℓ : k * v → GL(W ℓ ). On the other hand, the tame inertia quotient I t at prime v of Gal(K/K) has the following isomorphism ( §2.2) θ :
The map α ℓ implies that I
v factors through the restriction of ρ ℓ to the inertia subgroup I and we obtain
ab induces a character χ ℓ of the idele group I K such that for all a ∈ U m ⊂ I K (m is the modulus of K with empty support because we choose K big enough such that φ ℓ (I) is unipotent for any inertia subgroup I, hence φ ℓ (I) ⊂ Ker(ρ ℓ )) the congruence 
ℓ is the reduction of ψ ℓ , the ℓ-adic representation induced from ψ.
Proof. Let [K : Q] = k. Boundedness of |m(σ, ℓ)| implies there is a number C such that whenever ℓ > C, there are infinitely many ℓ ′ such that
The proposition is then proved by a result of Serre together with the proof [18, Prop. 20] .
Let m be the modulus of K with empty support and Ψ : S m → GL n,Q be a Q-embedding of the Serre group S m . Then Ψ induces a strictly compatible system {Ψ ℓ } of ℓ-adic repre-
By twisting {Ψ ℓ } with some big negative power of the system of cyclotomic characters, we assume {Ψ 
Proof. By the integrality of {Ψ −1 ℓ } and the theory of abelian ℓ-adic representations [22, Ch. 2, 3] .
the strictly compatible system of ℓ-adic representations. The reduction mod ℓ is
Let Λ ℓ be the image. We imitate the construction of a system of algebraic envelopes {H ℓ } ℓ≫0 of {Λ ℓ } ℓ≫0 as in §2. Since ψ ℓ is semisimple and abelian, we see that Nori's construction gives
From the discussion at the beginning of this subsection and Proposition 3. 
form a system of algebraic envelopes of {Λ ℓ } ℓ≫0 as in §2. Denote the projection to the first and second factor of GL N,F ℓ × GL n,F ℓ by p 1 and p 2 . One also observes that {p 1 (H ℓ )} ℓ≫0 and {p 2 (H ℓ )} ℓ≫0 are systems of algebraic envelopes of {φ ℓ (Gal(K/K))} ℓ≫0 and {ψ ℓ (Gal(K/K))} ℓ≫0 from Theorem 2.0.2. Proof. Let T ℓ be a maximal torus of H ℓ ⊂ GL N,F ℓ × GL n,F ℓ . Consider the map
where Char i = Char • p i , i = 1, 2, p 1 and p 2 are the projections to the first and second factor respectively. Since Theorem 3.1.1 implies the maximal tori T ℓ , p 1 (T ℓ ), and p 2 (T ℓ ) of the algebraic envelopes H ℓ , p 1 (H ℓ ), and p 2 (H ℓ ) are independent of ℓ if ℓ ≫ 0, 
which is a maximal torus of S ℓ is independent of ℓ if ℓ ≫ 0.
We assume the algebraic monodromy groups {G Q ℓ } ℓ∈P of the semisimplified compatible system {Φ ℓ } ℓ∈P are all connected. Denote the derived group of
Proof. Let {H Q ℓ } ℓ∈P be the algebraic monodromy groups of the compatible system {Φ ℓ ⊕ Ψ ℓ } ℓ∈P . We have H Q ℓ ⊂ GL N,Q ℓ × GL n,Q ℓ and let p 1 and p 2 be the projections to the first and second factor respectively. Let T Q ℓ be a maximal torus of H Q ℓ for each ℓ.
In the following, the formal character of a faithful representation of a reductive group is represented by a maximal torus. By Theorem 3.1.2, the pair of formal characters T Q ℓ and T ℓ are equal for ℓ ≫ 0, this is also true for pairs (p 1 (T Q ℓ ), p 1 (T ℓ )) and (p 2 (T Q ℓ ), p 2 (T ℓ )) for ℓ ≫ 0. Therefore, the kernels of p 2 : T Q ℓ → p 2 (T Q ℓ ) and p 2 : T ℓ → p 2 (T ℓ ) are equal in the sense that they can be given by the same set of characters. The first kernel is the formal character of G Proof. Let S ℓ → S ℓ be the simply connected cover of the semisimple S ℓ for ℓ ≫ 0. The representation S ℓ → S ℓ ֒→ GL N,F ℓ can be lifted to a representation of a simply connected Chevalley scheme defined over Z if ℓ ≫ 0 [8, Thm. 24]. Thus, we obtain a closed subscheme H of GL N,Z such that
Since the formal characters of H × C ⊂ GL N,C and H × ZFℓ ⊂ GL N,F ℓ are the same, the formal character of H × C is independent of ℓ if ℓ ≫ 0 by Theorem 3.2.4 which implies the number of A n factors for n ∈ {6, 9, 10, 11, ...} and the parity of A 4 factors of H × C are independent of ℓ if ℓ ≫ 0 [11, §2] . Since the number of simple factors of each type of S ℓ and H × C are equal, we are done.
Let F q be a finite field, σ the Frobenius automorphism ofF q /F q , and G a connected F qsimple algebraic group. The identification of G σ := G(F q ) is related to the simple type of G [23, 11.6] .
has only one non-cyclic composition factor which is either a Chevalley group or a Steinberg group of the type of G.
Definition 4. Suppose ℓ ≥ 5 is a prime number and q = ℓ k . Let Γ be a non-cyclic finite simple group in the above table and g a simple Lie algebra. We define the g-type ℓ-rank of Γ to be For other finite simple group Γ ′ , rk g ℓ (Γ ′ ) is defined to be 0 for any g. We extend this definition to arbitrary finite groups by defining the g-type ℓ-rank of any finite group to be the sum of the g-type ℓ-ranks of its composition factors. The total ℓ-rank of a finite group Γ is defined to be rk ℓ (Γ) = g rk g ℓ (Γ).
Let G be semisimple over F q and π : G → G the simply-connected cover of G. G and π are defined over F q [23, 9.16] . G is a direct product of σ-simple, simply-connected semisimple groups G i [3, Ch. 10 §1.3] (i.e. σ permutes the simple components of G in a single orbit)
Each G i is a direct product of m i simple factors H i of the same type over a degree m i extension F q i := F q m i . We have [3, Ch. 10 §1.3] Proof. Since the kernel and the cokernel of π : G(F q ) → G(F q ) are both abelian [23, 12.6] , the composition factors of G(F q ) and k i=1 H i (F q i ) modulo cyclic groups are identical from above. The last statement follows easily from the fact that each G i is a direct product of m i copies of H i and the table.
We can now prove our main theorem. (i) S ℓ is semisimple, the formal character of S ℓ ֒→ GL N,F ℓ is independent of ℓ and is equal to the formal character of the derived group of the algebraic monodromy group at ℓ, G der Q ℓ ֒→ GL N,Q ℓ . (ii) There exist a fixed integer k and a normal subgroup γ ℓ ⊂ Γ ℓ of index at most k such that the composition factors of γ ℓ and S ℓ (F ℓ ) are identical modulo cyclic groups. Therefore, the composition factors of γ ℓ are finite simple groups of Lie type of characteristic ℓ and cyclic groups. (iii) The total ℓ-rank (Definition 4) of Γ ℓ is equal to the rank of S ℓ and is independent of ℓ. (iv) The A n -type ℓ-rank (Definition 4) for n ∈ {6, 9, 10, 11, ...} and the parity of A 4 -type ℓ-rank of Γ ℓ are independent of ℓ.
Proof. (i) is proved by Proposition 2.1.2(i) and Theorem 3.2.5. There is a finite normal extension L/K of degree k such that γ ℓ := φ ℓ (Gal(K/L)) is a subgroup of G ℓ (F ℓ ) of uniform bounded index by Theorem 2.0.2. Since S ℓ is the derived group of G ℓ , we also have [S ℓ (F ℓ ) : γ ℓ ∩ S ℓ (F ℓ )] uniformly bounded and γ ℓ /(γ ℓ ∩ S ℓ (F ℓ )) abelian. By Theorem 2.1.1, we obtain if ℓ ≫ 0
and S ℓ (F ℓ )/S ℓ (F ℓ ) + is abelian of order ≤ 2 N −1 which imply the composition factors of γ ℓ and S ℓ (F ℓ ) are identical modulo cyclic groups if ℓ ≫ 0. Theorem 3.3.2 implies the non-cyclic composition factors of S ℓ (F ℓ ) are finite simple groups of Lie type of characteristic ℓ. This proves (ii). (iii) is a direct consequence of (i) and (ii) if ℓ ≫ 0. (iv) follows easily from Theorem 3.3.1 and Theorem 3.3.2.
